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ABSTRACT
I consider low-frequency instabilities in a plasma with high-β plasma, with β the ratio of
thermal and magnetic pressures. I derive the mirror and firehose instabilities, due to pressure
anisotropy, for such a plasma. This derivation uncovers clear modifications with the more
familiar, low-β case. I also consider the interplay between these instabilities and the current-
driven instability (the Bell–Lucek instability) that occurs near a shock that accelerates cosmic
rays. It is shown that the two instability mechanisms in combination can lead to a stronger
instability over a wider range of wavelengths.
Key words: acceleration of particles – diffusion – instabilities – shock waves – methods:
waves.
1 IN T RO D U C T I O N
The properties of low-frequency magnetohydrodynamics (MHD)
waves in high-β plasmas, where β ≡ 8πP/B2 is the ratio of the
thermal and magnetic pressures, differ considerably from the prop-
erties obtained from a simple fluid approximation. In particular,
the fundamental wave modes are coupled and through this cou-
pling obliquely propagating Alfve´n waves become subject to linear
collisionless damping.
The first full calculation using kinetic theory of low-
frequency quasi-MHD waves in such plasmas is due to Foote &
Kulsrud (1979), building on earlier work by Stepanov (1958) and
Barnes (1966). For frequencies well below the ion gyrofrequency
i = qB0/mic in the ambient magnetic field B0, finite Larmor radius
corrections to the ion response in the waves, as well as the effects
of thermal motion along the magnetic field, change the character
of the waves. In particular, the E × B0 drift speed (with E the
electric field in the wave) of ions in a high-β plasma differs from
that of electrons as the mean wave electric field, averaged over one
gyro-orbit, equals
〈E(k)〉 = E(k) J0
(
k⊥v⊥

)
 E(k)
(
1 − k
2
⊥v
2
⊥
42
)
. (1)
Here v⊥ is the component of the particle velocity in the plane per-
pendicular to the ambient magnetic field and k⊥ is the corresponding
component of the wave vector k,  = qB0/mc is the gyrofrequency
and J0 is the Bessel function of order zero. The second equality
assumes k⊥v⊥/  1, the standard assumption for MHD waves
that the wavelength is much larger than the gyroradius rg = v⊥/
of all charge species in the plasma. This averaging procedure ap-
plies as long as the wave frequency is much lower than the ion
gyrofrequency: ω  i.
E-mail: a.achterberg@astro.uu.nl
Assuming a plasma with similar ion and electron temperatures
the mean square thermal velocity for particles of mass m is equal
to
〈
v2⊥
〉 = 2kbT⊥
m
≡ 2V 2⊥. (2)
Using this estimate for v2⊥, together with i = eB0/mic
(|e| = eB0/mec) for ions (electrons) in a hydrogen plasma, one
sees that the finite gyration radius correction in relation (1) is a
factor me/mp ∼ 1/1836 smaller for electrons than it is for ions. The
effect of the finite gyration radius on the electron response can there-
fore safely be neglected for realistic parameters. The difference in
the ion and electron response leads to a net current associated with
the E × B0 drift of both species. The standard MHD approxima-
tion applies to long wavelength modes in a plasma with sufficiently
low β, where the correction to the ion response remains small and
electrons and ions drift across the magnetic field with the same
velocity.
In relation (2) I have allowed for the possibility that the plasma
has a temperature anisotropy, where the temperature T⊥ associated
with the two degrees of freedom perpendicular to the magnetic field
differs from the parallel temperature T‖ associated with thermal
motion along the magnetic field. The latter is defined formally by
〈
v2‖
〉 = kbT‖
m
≡ V 2‖ . (3)
Thermal motion of the ions along the magnetic field also changes
wave properties when k‖v‖  i, with correction terms scaling
as k2‖V
2
‖ /
2
i , similar in form to those resulting from finite Larmor
radius effects. Both effects are included in the calculations presented
below.
Two well-known instabilities are associated with a tempera-
ture anisotropy and are discussed in this paper. I will derive the
high-β versions of the firehose instability, commonly associated
with the Alfve´n wave and the magnetosonic wave that propagate
C© 2013 The Author
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706 A. Achterberg
quasi-parallel along the field, and the mirror instability that is asso-
ciated with a magnetosonic wave propagating quasi-perpendicular
to the field. These two instabilities are receiving renewed interest
with the realization that conditions in the interstellar/intergalactic
medium are such that the low ion collision frequency allows
anisotropies to develop in the ions distribution in the presence of
weak magnetic fields (e.g. Schekochihin et al. 2005).
As will be demonstrated below in Section 6, the low ion colli-
sionality allows for ion pressure anisotropies to be generated in the
cosmic ray (CR) precursors of shocks that accelerate these particles
by the shock acceleration mechanism. Instabilities in these precur-
sors, driven by the return current induced by the streaming CRs in
the plasma, have also been the subject of recent interest (Lucek &
Bell 2000; Bell & Lucek 2001; Bell 2004; Luo & Melrose 2009). In
the precursor the pressure force from of the accelerated CRs slows
down the incoming fluid, and the resulting changes in the magnetic
field and plasma density allow pressure anisotropies to develop in
the ion plasma if the scattering rate of the thermal ions is sufficiently
small.
This paper is organized as follows: the plasma response for low-
frequency waves in an anisotropic quasi-Maxwellian high-β plasma
is calculated in Section 2. The wave properties and possible insta-
bilities are discussed in Sections 3 and 4. The (indirect) effect of
CRs is considered in Section 5, and in Sections 6 and 7 I dis-
cuss the application to the CR precursors in the high Mach number
shocks that accelerate these particles. The conclusions are found in
Section 8.
2 D ISP ERSION R ELATION FOR QUA SI-MH D
WAV E S
The calculation of linear wave properties in a plasma involves the
determination of the dielectric tensor (ω, k) as a function of wave
angular frequency ω and wave vector k. It can be represented as
(ω, k) = I +
∑
σ
χσ (ω, k). (4)
Here χσ (ω, k) is the susceptibility tensor of species σ , with σ = e, i
for a simple ion–electron plasma, and I = diag(1, 1, 1) is the unit
tensor. The dispersion relation of the waves that determines the
frequency ω(k) as a function of wavenumber then reads, see for
instance Ichimaru (1973), Akhiezer et al. (1975) and Stix (1992):
det
[
k2c2
ω2
(I − κˆ κˆ) − (ω, k)
]
≡ det [ D(ω, k) ] = 0. (5)
Here κˆ ≡ k/k is the unit vector along the wave vector. The second
equality in this condition defines the dispersion tensor D(ω, k).
The dispersion relation is the solution condition for the set of
coupled equations
∑3
j=1 Dij (ω, k) Ej (ω, k) = 0 that follow from
Maxwell’s equations and the linearized equation of motion (or ki-
netic equation) for all components of the plasma.
Low-frequency MHD waves follow from a simplified version
of dispersion relation (5). In what follows I choose the ambient
magnetic field along the z-axis (B0 = B0 zˆ) and the wave vector
as k = k⊥ xˆ + k‖ zˆ. For waves with a frequency much less than the
electron plasma frequency ωpe =
√
4πe2ne/me (with ne the elec-
tron density) one can show that the component of the wave electric
field along the magnetic field, Ez(ω, k), is almost shorted out by
the electrons. This implies Dzz is much larger than Dxx, Dyy, Dxy
and Dyx and |Ez|  |Ex|, |Ey|. One can then limit the discussion
to waves where the wave electric field lies entirely in the plane
perpendicular to B0: E⊥(ω, k) =
(
Ex(ω, k), Ey(ω, k), 0
)
.
The wave properties for such waves follow from the condition that
the determinant of the cofactor of Dzz vanishes (cf. Foote & Kulsrud
1979): DxxDyy − DxyDyx = 0. In terms of susceptibilities χij (ω, k):(
k2‖c
2
ω2
− 1 − χxx
)(
k2c2
ω2
− 1 − χyy
)
− χ2xy = 0. (6)
2.1 Ion response
The susceptibility tensor χσ (ω, k) can be calculated by standard
means. A convenient assumption is that the ion velocity distribution
is a bi-Maxwellian fBM(v⊥, v‖), where the number of ions found in
the velocity interval v‖, v‖ + dv‖, v⊥, v⊥ + dv⊥ equals dni ≡
nifBM(v⊥, v‖) 2πv⊥dv⊥ dv‖, with
fBM(v⊥, v‖) = 1(2π)3/2 V 2⊥ V‖
exp
(
− v
2
⊥
2V 2⊥
− v
2
‖
2V 2‖
)
. (7)
Here the characteristic ion thermal speeds V⊥ and V‖ are defined
in equations (2)/(3) in terms of the perpendicular (parallel) ion
temperatures T⊥ (T‖). The quantity ni is the total number density of
the ions, and v⊥ (v‖) refer to the components of the particle velocity
perpendicular to (along) the magnetic field. The ion plasma exhibits
a temperature anisotropy if T‖ = T⊥ (V‖ = V⊥). To quantify this I
introduce the ion anisotropy parameter:
T = T⊥
T‖
− 1 = P⊥
P‖
− 1. (8)
I have suppressed the species subscript ‘i’ on most quantities, con-
centrating for now on the ion contribution to the susceptibility.
The ion susceptibility tensor is (e.g. Ichimaru 1973, Ch. 5.2)
χ i = −ω
2
pi
ω2
[
I +
+∞∑
n=−∞
∫
dv⊥dv‖2πv⊥
(
ˆGnfBM(v⊥, v‖)
ni + k‖v‖ − ω
)
n
]
.
(9)
Here ω2pi ≡ 4πe2ni/mp is the ion plasma frequency squared (assum-
ing a hydrogen plasma with q = e and m = mp), i = eB0/mpc is
the ion gyrofrequency and ˆGn is the operator:
ˆGn ≡ ni
v⊥
∂
∂v⊥
+ k‖ ∂
∂v‖
. (10)
The 3 × 3 tensor n involves products of Bessel functions and
derivatives thereof. In the present case we only need the components
	xx, 	yy and 	xy = −	yx in the plane perpendicular to B0, which
together can be represented by the 2 × 2 matrix ⊥n:
⊥n =
⎛
⎜⎝
(
ni
k⊥
)2
J 2n (μ) iv⊥ nik⊥ Jn(μ)J ′n(μ)
−iv⊥ nik⊥ Jn(μ)J ′n(μ) v2⊥
(
J ′n(μ)
)2
⎞
⎟⎠ . (11)
I employ the notation J ′n(μ) = dJn(μ)/dμ. The argument of the
Bessel functions is μ ≡ k⊥v⊥/i.
Let us denote the 2 × 2 matrix consisting of the ion suscep-
tibilities χ ixx , χ iyy and χ ixy = −χ iyx by χ i⊥(ω, k). Substituting the
bi-Maxwellian (7) into (9) and performing the velocity integrations
one finds after a significant amount of algebra:
χ i⊥(ω, k) =
ω2pi
ω2
+∞∑
n=−∞
[
ω
ω − ni {W (Zn) − 1} + T W (Zn)
]
×M⊥n. (12)
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Instabilities in a high-β plasma 707
Here W(Zn) is the plasma dispersion function defined by Ichimaru
(1973, Ch.4):
W (Zn) = 1√
2π
∫ +∞
−∞
dx
x exp(−x2/2)
x − Zn , Zn ≡
ω − ni
|k‖|V‖ . (13)
It results from the integration over v‖. The parameterT was defined
in (8). The 2 × 2 tensorM⊥n is obtained from the integration over
v⊥:
M⊥n =
⎛
⎜⎜⎝
n2
μ˜

n(μ˜) in 
′n(μ˜)
−in 
′n(μ˜)
n2
μ˜

n(μ˜) − 2μ˜ 
′n(μ˜)
⎞
⎟⎟⎠ . (14)
The function 
n(μ˜) and its derivative 
′n(μ˜) ≡ d
n(μ˜)/dμ˜ contain
the finite gyration radius corrections. 
n(μ˜) is given by

n(μ˜) ≡ In(μ˜) exp(−μ˜), μ˜ = k
2
⊥V
2
⊥
2i
, (15)
with In(μ˜) the modified Bessel function of the first kind. For the
isotropic case, T = 0, result (12) for χ i⊥(ω, k) reduces to that of
Ichimaru (1973, Ch. 5.2).
I know make the following two assumptions: [1] a high-β plasma
with
β‖ = 8πnikbT‖
B20
 1, β⊥ = 8πnikbT⊥
B20
 1, (16)
and 2 low-frequency, long wavelength waves with (for positive ω)
ω  |k‖|V‖, ω  i, μ˜  1. (17)
In that case one has |Z0|  1 and one can use for W(Z0):
W (Z0)  1 − Z20 + i
√
π
2
Z0 exp
(−Z20/2) . (18)
In contrast, |Zn|  1 for n = ±1, ± 2, . . . and W(Zn) satisfies
W (Zn)  − 1
Z2n
− 3
Z4n
(for n = 0). (19)
The imaginary term in the expression for W(Z0) comes from the
Landau prescription for navigating the pole in the complex plane
of the integral (13) at x = Z0. It leads to the well-known effect of
collisionless Landau damping of the wave modes at the Cerenkov
resonance ω = k‖v‖. As |Zn|  1 we can neglect the effect of
cyclotron damping at the resonance ω = k‖v‖ + n with n = 0.
The assumption μ˜  1 allows one to expand 
n(μ˜) (e.g. Stix
1992, Ch. 10). Table 1 gives the result of this expansion for the
elements of M⊥n for n = 0, ±1 and ±2. I neglect terms of order
μ˜2 and higher, which allows me to break off the summation over
cyclotron harmonics (harmonic number n) after n = ±2.
At the same time we have to expand factors resulting involving
Zn for n = ±1, ± 2, for example:
1
Z21
= k
2
‖V
2
‖
(ω − i)2
 k
2
‖V
2
‖
2i
(
1 + 2 ω
i
− 3 ω
2
2i
+ · · ·
)
. (20)
Table 1. Components ofM⊥n for μ˜  1 to first order
in μ˜.
Matrix element n = 0 n = ±1 n = ±2
Mxx 0 (1 − μ˜)/2 μ˜/2
Myy 2μ˜ (1 − 3μ˜)/2 μ˜/2
Mxy = −Myx 0 ±i(1 − 2μ˜)/2 ±iμ˜/2
The second and third term inside the bracket terms give corrections
that are usually neglected in the low-β limit.
In order to make direct contact with the results obtained by Foote
& Kulsrud (1979) for the isotropic case (T = 0) I employ a sim-
ilar set of dimensionless variables for parallel and perpendicular
wavenumber and wave frequency. Dimensionless wavenumbers are
defined in terms of k0 ≡ iVA/2V 2‖ :
‖ = k‖
k0
= 2k‖V
2
‖
iVA
, ⊥ = T⊥
T‖
k⊥
k0
= 2k⊥V
2
⊥
iVA
. (21)
The dimensionless frequency is
ν = ω
k0VA
= ωβ‖
i
. (22)
Here VA is the Alfve´n speed defined in the usual manner, VA =
B0/
√
4πnimp, neglecting the electron inertia. These definitions are
based on the fact that wave properties in a high-β plasma start to
deviate significantly from the better-known cold plasma results for
k ∼ k0 = i
VAβ‖
, |ω| ∼ k0VA = i
β‖
, (23)
that is at (|‖|, ⊥) ∼ 1 and |ν| ∼ 1.
A lengthy but relatively straightforward calculation gives the
relevant components of the ion susceptibility tensor:
χ ixx =
c2
V 2A
{
1 + 3
2
2‖
β‖
− 3
8
2⊥
β⊥
+ ν
2
β2‖
}
− c
2
V 2A
2‖β‖
2ν2
T
{
1 + 3
2
2‖
β‖
− 3
8
2⊥
β⊥
+ 3 ν
2
β2‖
}
,
χ iyy =
c2
V 2A
{
1 + 3
2
2‖
β‖
− 11
8
2⊥
β⊥
+ ν
2
β2‖
}
− c
2
V 2A
2‖β‖
2ν2
T
{
1 + 3
2
2‖
β‖
− 3
8
2⊥
β⊥
+ 3 ν
2
β2‖
}
+ c
2
V 2A
2⊥
ν2
{
i
√
π
β
1/2
‖ ν
|‖| exp
(
− ν
2
β‖2‖
)
− 2ν
2
2‖
+
(
β2‖
β⊥
)
T
}
,
χ ixy = −χ iyx = i
c2
V 2A
β‖
ν
{
1 + 1
2
2‖
β‖
− 3
4
2⊥
β⊥
+ ν
2
β2‖
}
−i c
2
V 2A
2‖
ν
T
{
1 + 3 
2
‖
β‖
− 15
16
2⊥
β⊥
+ 2 ν
2
β2‖
}
. (24)
Here I have used β‖ = 2V 2‖ /V 2A and β⊥ = 2V 2⊥/V 2A. Since only
a small anisotropy is needed (|T| ∼ 1/β) for the firehose- and
mirror instabilities discussed below, the term ∝ T in the expres-
sion for χ ixy can be simplified: the factor in curly brackets may be
approximated by unity as the finite Larmor radius corrections then
correspond to a set terms of order 1/β2. Terms of similar magnitude
are also neglected in the rest of the expression.
2.2 Electron response
The electron contribution to the plasma susceptibility can be calcu-
lated in the same manner, using the electron version of relation (9).
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708 A. Achterberg
There are, however, a number of significant simplifications that
result from the assumptions. We neglect the electron tempera-
ture anisotropy as we expect eT ∼
(
me/mp
)1/2
T ∼ 0.025T
to be very small. This is due to the fact that electron–electron
collisions that tend to erase electron pressure anisotropies are a
factor
√
mp/me more frequent than the ion–ion collisions that
do the same for the ions. In what follows will put eT = 0. In
addition, the finite gyration radius corrections are very small:
μ˜e ∼ (me/mp) μ˜  0.0005 μ˜. That means that we can use the lead-
ing terms in the expansion of the components ofMe⊥n, the electron
version of Table 1. Unless the electrons are significantly hotter than
the ions,
Te >
(
mp/me
)1/2
Ti, (25)
this implies that the only the n = 0, ±1 terms need to be taken
into account, with Myy(0)  2μ˜e, Mexx(±1) = Meyy(±1)  1/2 and
Mexy(±1) = −Meyx(±1)  ±i/2, with μ˜e ≡ k2⊥V 2e /2e (compare
Table 1). Here I introduce the electron thermal velocity
Ve =
√
kbTe/me. (26)
I will allow for an electron current along the magnetic field, adopt-
ing a drifting Maxwellian distribution for the electrons, dne =
ne fe(v⊥, v‖) 2πv⊥dv⊥ dv‖ with
fe(v⊥, v‖) = 1(2πV 2e )3/2
exp
(
−v
2
⊥ + (v‖ − U )2
2V 2e
)
. (27)
Here U is the electron drift velocity (〈v‖〉 = U) with respect to the
ions. Since the elements of the 2 × 2 matrix ⊥n do not explicitly
involve v‖, the drift leads to the replacement of the wave frequency
ω by its Doppler-shifted version,1
ω =⇒ ω˜ = ω − k‖U. (28)
This is easily seen from using the drifting the Maxwellian distribu-
tion function fe(v⊥, v‖) together with a simple change of integration
variable from v‖ to v˜‖ ≡ v‖ − U in the integration over v‖. The
electron susceptibility χ e⊥ is formally
χ e⊥(ω, k) =
ω2pe
ω2
+∞∑
n=−∞
[
ω˜
ω˜ − ne
{
W ( ˜Zn) − 1
}]
M⊥n. (29)
Here ωpe =
√
4πe2ne/me is the electron plasma frequency and
˜Zn ≡ ω˜ − ne|k‖|Ve =
ω − k‖U − ne
|k‖|Ve , e = −
eB0
mec
= −|e|.
(30)
Assuming Te to be similar to the ion temperatures T‖ and T⊥ and
consistently neglecting terms of order
√
me/mp, me/mp with respect
to unity one finds (using the above considerations) that the electron
susceptibility becomes very simple:
χ exx 
ω2pe
2e
ω˜2
ω2
= me
mp
c2
V 2A
ω˜2
ω2
,
χ eyy 
ω2pe
2e
ω˜2
ω2
+
√
2π i
ω2pe
2e
k2⊥V
2
e
ω2
ω˜
|k‖|Ve exp
(
− ω˜
2
k2‖V 2e
)
,
1 It is perhaps good to point out that a similar line of reasoning does not hold
for the components of the full susceptibility tensorχ e (and the corresponding
components of ) that are not considered here, such as χxz or χ zz. These
components of n do depend explicitly on v‖ and a non-vanishing 〈v‖〉
leads to additional terms in addition to the replacement ω =⇒ ω˜.
χ exy = −χ eyx  −i
ω2pe ω˜
ω2|e| . (31)
Using Ve 
√
mp/me V‖, ωpe =
√
mp/me ωpi and
|e| = (mp/me) i it is easily checked that the electron con-
tribution to the xx and yy components of χ⊥ can be neglected
altogether with respect to the ion terms unless the drift velocity
becomes very large (i.e. U > (mp/me)1/2 |ω/k‖|). In practice, there
are other plasma instabilities (in particular, electrostatic two-stream
instabilities) that prevent this from happening. However, the xy
component of χ e⊥ is important. It can be written as
χ exy = −i
c2
V 2A
β‖
ν
ne
ni
(
1 − k‖U
ω
)
. (32)
If there is no electron current with respect to the ions (U = 0) and
no net charge density (so that ne = ni), this term exactly cancels
the corresponding (leading) term in the ion susceptibility χ ixy . This
is the near-cancellation of the electron- and ion currents associated
with the E × B0 drift that was referred to in the Introduction.
2.3 Total response for a simple two-temperature plasma
For a simple quasi-neutral plasma (ne = ni) without electron current
(U = 0) the total susceptibility is the sum of the ion and electron
susceptibilities. As argued above, the xx and yy components of
χ⊥(ω, k) are adequately described by the ion terms alone, given in
equation (24). The off-diagonal components satisfy
χxy = −χyx = i c
2
V 2A
{
1
2
2‖
ν
− 3
4
β‖2⊥
β⊥ν
+ ν
β‖
}
− i c
2
V 2A
2‖
ν
T .
(33)
In what follows I use the dimensionless phase speed υ, defined as
υ ≡ ω|k‖|VA =
ν
|‖| , (34)
the wave frequency in units of the frequency of the classical Alfve´n
wave. I also assume a non-relativistic plasma in the sense that
V 2A/c
2  1. Finally, it is useful to define the quantity
Q ≡ 1 + 3
2
2‖
β‖
− 3
8
2⊥
β⊥
. (35)
In most cases we can use Q  1. With these definitions dispersion
relation (6) in dimensionless variables can be written as{
2‖
β2‖
υ4 + Q υ2 − F (β⊥, β‖)
}
×
{
2‖
β2‖
υ4+Q υ2−F (β⊥, β‖)−
(
⊥
‖
)2 [ (
T‖
T⊥
)2
M(β⊥, β‖)
+ 
2
‖
β⊥
υ2 + 2υ2 − i√πβ‖ υ exp (−υ2/2β‖)
]}
−
2
‖υ
2
4
{
1 − 3
2
(
β‖
β⊥
)(
⊥
‖
)2
+ 2υ
2
β‖
− 2T
}2
= 0. (36)
The effects of the ion temperature anisotropy are represented in (36)
by the firehose function,
F (β⊥, β‖) ≡ 1 + β‖QT2  1 +
β⊥ − β‖
2
, (37)
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Instabilities in a high-β plasma 709
and the mirror function,
M(β⊥, β‖) ≡ 1 − β⊥ T = 1 − β⊥
β‖
(
β⊥ − β‖
)
. (38)
Here β⊥ and β‖ refer to ion pressure alone. The approximate equal-
ity in (37) is valid if 2‖/β‖  1, 2⊥/β⊥  1 so that Q  1. These
two terms are responsible for the firehose instability and the mirror
instability. In the classical (low-β) case they occur, respectively,
when F (β⊥, β‖) < 0 when k ∼ |k‖| and M(β⊥, β‖) < 0 when
k ∼ k⊥. In the rest of this paper I will refer to instabilities occur-
ring when T < 0 as firehose instabilities, and those that occur for
T > 0 as mirror instabilities
If there is no temperature anisotropy (T = 0, F =M = 1)
dispersion relation (36) reduces to the result of Foote & Kulsrud
(1979), their equations (9)–(11). They employ slightly different
variables and one needs the substitutions ‖ =⇒  and ‖ =⇒
 tan θ (where θ is the angle between B0 and k) to get complete
correspondence with their expressions.
3 PA R A L L E L P RO PAG AT I O N : T H E FI R E H O S E
INSTABILITY
It is instructive to see to what extent the well-known result for the
firehose instability is changed in a high-β plasma. The firehose
instability is associated with waves that propagate quasi-parallel to
the magnetic field, that is for wavenumbers satisfying∣∣∣∣ k⊥k‖
∣∣∣∣ =
(
T‖
T⊥
) ∣∣∣∣ ⊥‖
∣∣∣∣  1. (39)
If we assume 2‖/β⊥  1 we can put Q = 1 and dispersion relation
(36) may be approximated by
(
υ2 − F (β⊥, β‖)
)2 − 2‖υ2
4
= 0. (40)
We can neglect the Landau damping term for these modes. It will be
considered in the next section. The four solutions to this bi-quadratic
dispersion relation for υ come in the form of υ+, − υ+, υ−, − υ−,
with υ±, defined as
υ± ≡
√
F (β⊥, β‖) +
2‖
16
± |‖|
4
. (41)
In a plasma without an (ion) temperature anisotropy (β‖ = β⊥ so
that F (β⊥, β‖) = 1), this relation reduces to the one derived by
Foote & Kulsrud (1979), their equation (18). The cold plasma limit
corresponds to |‖|↓0, and one recovers the well-known firehose
dispersion relation, in physical variables
ω2 = k2‖V 2A
(
1 + β⊥ − β‖
2
)
. (42)
Unstable solutions with Im(ω) > 0 are possible if the argument
of the square root in (41) becomes negative, which occurs when
F (β⊥, β‖) + 2‖/16 < 0, in physical variables(
1 − k
2
‖V
2
‖
4 2i
)
P‖ > P⊥ + B
2
0
4π
. (43)
This shows that the inclusion of finite-β effects (ion velocity dis-
persion along the field) has a stabilizing influence: a larger pressure
anisotropy is needed for unstable behaviour at shorter wavelengths
as |‖| increases. In addition, the frequency of the unstable mode
is complex, rather than purely imaginary as in the cold plasma
case, due to the dispersion introduced by the 2‖ term. The unstable
wavenumbers are in the range
0 ≤ |‖| < m ≡ 4
√|F (β⊥, β‖)|. (44)
The maximum growth rate occurs at |‖| = m/
√
2 ≡ ∗. The max-
imum growth rate (in units of k0VA) is
σmax = Im(ν)max
k0VA
= ∗√
2
√|F (β⊥, β‖)| = 2 |F (β⊥, β‖)|. (45)
To summarize: the term ∝k2‖V 2‖ /2i in the dispersion relation
regularizes the behaviour of the firehose instability at short
wavelengths, and introduces a maximum growth rate at
∣∣k‖∣∣ =√
2|F | (iVA/V 2‖ ).
One can find useful approximations to relation (41) in the two
limits 2‖/16  |F (β⊥, β‖)| and |F (β⊥, β‖)|  2‖  2β‖. In the
first case one finds
υ± =
√F (β⊥, β‖) ± |‖|4 =
√
1 + β⊥ − β‖
2
± |‖|
4
, (46)
or equivalently in physical variables
ω± = |k‖|VA
√
1 + β⊥ − β‖
2
± k
2
‖V
2
‖
2i
. (47)
Both modes are unstable if the classical firehose criterion
P‖ > P⊥ + B
2
0
4π
(48)
is satisfied.
In the limit |F (β⊥, β‖)|  2‖  2β‖ one gets a large (υ+  1)
and a small (υ−  1) solution, respectively, given by
υ+  |‖|2 +
2 + β⊥ − β‖
|‖| (49)
and
υ− 
(
1 + β⊥ − β‖
2
)
2
|‖| . (50)
Taking only the leading terms, these two solutions correspond in
physical variables to
ω+ 
k2‖V
2
‖
i
= β‖
2
k2‖V
2
A
i
, ω− 
(
1 + β⊥ − β‖
2
)
2i
β‖
. (51)
These short-wavelength modes are stable, in accordance with the
discussion above.
Fig. 1 shows the solution of the dispersion relation for the case
of an isotropic plasma (F (β⊥, β‖) = 1). Fig. 2 shows the firehose-
unstable caseF (β⊥, β‖) = −1. This last figure is representative for
all cases with F (β⊥, β‖) < 0.
4 O B L I QU E PRO PAG AT I O N :
FI REHOSE/ MI RROR I NSTABI LI TI ES
When k⊥ = 0, but k⊥ is still small compared with k‖, new wave
modes become possible as the Landau term ∝i√πβ‖ in χ yy be-
comes important. Its importance can be represented by the pa-
rameter α (following Foote & Kulsrud 1979, who employ instead
αFK = 2‖ α) defined as
α ≡√πβ‖
(
⊥
‖
)2
. (52)
Note that α ∼ 1 when k⊥ ∼ k‖/(πβ‖)1/4  k‖ if β‖ is sufficiently
large.
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710 A. Achterberg
Figure 1. The two solutions to the dispersion relation for pure parallel
propagation (⊥ = 0) in an isotropic plasma with T‖ = T⊥.
For low-frequency waves with |υ| √2β‖ one can put
exp(−υ2/2β‖)  1, use Q  1 and neglect all terms involving
2‖υ
4/β2‖ in (36), as well as the terms ∝ υ2 inside the square brack-
ets in the second factor of the first term of (36). The dispersion
relation simplifies considerably:
(
υ2 − F (β⊥, β‖)
) (
υ2 + iα υ − G(β⊥, β‖)
) − 2‖υ2
4
= 0. (53)
Here I define
G(β⊥, β‖) ≡ F (β⊥, β‖) +
(
k⊥
k‖
)2
M(β⊥, β‖)
= F (β⊥, β‖) +
(
T⊥
T‖
)2
αM(β⊥, β‖)√
πβ‖
. (54)
Note that G(β⊥, β‖) = F (β⊥, β‖) for α = 0 (parallel propagation).
In that case this dispersion relation reverts to relation (40) and the
results of Section 3 apply.
An alternative form of dispersion relation (53) proves useful.
Defining
ξ± ≡ iα2 ±
√
2‖ − α2
2
, (55)
one can rewrite (53) as(
υ2 + ξ− υ − F (β⊥, β‖))
) (
υ2 + ξ+ υ − G(β⊥, β‖)
)
+ ξ−υ
(G(β⊥, β‖) − F (β⊥, β‖)) = 0. (56)
I will consider the solutions of (53/56) in various limits.
Figure 2. The solutions to the dispersion relation for pure parallel propa-
gation (⊥ = 0) in the firehose-unstable case with F (β⊥, β‖) = −1. The
solid curves give the real part of the dimensionless frequency, ν = νr + iνi,
and the dashed curve gives the growth rate νi. Wave growth occurs for
|‖| < m = 4
√|F | = 4. For |‖| < m there is one growing mode and a
corresponding decaying mode, both with same νr. For |‖| > m there are
two modes (a low- and a high-frequency mode) with a purely real frequency
(νi = 0).
4.1 Case α ≤ |‖| and |‖|  1
In this case |ξ−| ∼ |ξ+| ∼ α  1 and |G − F | ∼ α/
√
πβ‖  1.
Then (56) is the best approximation for the dispersion relation,
where one can neglect the last term on the left-hand side, which is
formally of order α2/
√
πβ‖  α2. The solutions are
υ = − ξ+
2
±
√
G + ξ
2
+
4
(57)
and
υ = − ξ−
2
±
√
F + ξ
2
−
4
. (58)
If α  |‖| we can put
ξ±  ±|‖|2 +
iα
2
, ξ 2± 
2‖
4
± iα |‖|
2
+O(α2). (59)
We get the solutions (leaving the complex roots unresolved)
υ = −|‖|
4
− iα
4
±
√
G + 
2
‖
16
+ iα |‖|
8
(60)
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and
υ = +|‖|
4
− iα
4
±
√
F + 
2
‖
16
− iα |‖|
8
. (61)
This is a minor modification of the parallel modes discussed in
Section 3 as |G − F | = O(α). The term −iα/4 represents Landau
damping.
4.2 Case α  1 and |‖|  1
Here we can again employ form (56) of the dispersion relation
together with
ξ+  iα , ξ− 
i2‖
4α
 1. (62)
As |ξ−|  |ξ+| we can again neglect the last term on the left-hand
side of (56). Then the formal solutions are
υ = − iα
2
±
√
G − α
2
4
(63)
and
υ = − i
2
‖
8α
±
√
F − 
4
‖
64α2
. (64)
Respectively these two solutions correspond to a ‘large’
(|υ| ∼ α ∼ 1) and a ‘small’ (|υ| ∼ 2‖/α  1) solution. The large
solution can also be obtained from (53) by neglecting the coupling
term.
The instability conditions are, respectively, G < 0 (mirror insta-
bility) andF < 0 (firehose instability). The condition G < 0 can be
written in terms of physical variables as
k2‖
(
B20
4π
+ P⊥ − P‖
)
+ 2k2⊥
(
B20
8π
− P⊥
[
T⊥
T‖
− 1
])
< 0,
(65)
the classical condition for the firehose instability that is also found
in the low-β case. For small anisotropies (with β‖  β⊥ ≡ β and
T  1) condition (65) can be approximated as
k2 − β T
(
k2⊥ −
k2‖
2
)
< 0. (66)
Modes with k⊥ < k‖/
√
2 are potentially firehose unstable if T
is negative (P‖ > P⊥). Modes with k⊥ > k‖/
√
2 can be mirror-
unstable if T is positive (P⊥ > P‖). This agrees with the con-
clusions of Schekochihin et al. (2005), see also Schekochihin
et al. (2010). Close to the mirror instability boundary G = 0 one
can expand the square root in (63) for |G|  α2/4 and get
υ  − iG
α
. (67)
In physical variables this is
ω = −i|k‖|V‖
√
2
π
(
β‖
β2⊥
) { (
k‖
k⊥
)2 (
1 + β⊥ − β‖
2
)
+
[
1 + β⊥
(
β⊥
β‖
− 1
) ] }
. (68)
This low-frequency/long wavelength solution coincides with the
one found in the low-β case (e.g. Hasegawa 1975; Southwood &
Kivelson 1993) using similar assumptions. In this limit finite Larmor
radius effects can be entirely neglected.
4.3 Case α ∼ |‖|  1
Here we have large solutions with |υ| ∼ α. As long as |F |, |G|  α
we can neglect the F and G terms (56), leading to
υ = −ξ+ = − iα2 −
√
2‖ − α2
2
(69)
and
υ = −ξ− = − iα2 +
√
2‖ − α2
2
. (70)
These modes are always damped. In addition there are small solu-
tions with |υ| ∼ 1/α  1. These solutions can be obtained by ne-
glecting theυ4 andυ3 terms in (53), and assuming 2‖/4  |F |, |G|.
The approximate dispersion relation becomes
2‖
4
v2 + iα F υ − FG = 0. (71)
The solution reads, using (54) for G:
υ = −2iαF
2‖
± 2
2‖
√
2‖ FG − α2F2
= −2iαF
2‖
± 2
2‖
√(
2‖ − α2
)F2 + 2⊥
(
T⊥
T‖
)2
M. (72)
There is a firehose-unstable mode (with Im(υ) > 0) for both signs
in front of the square root when F < 0 (which implies M > 1 +
2(β⊥/β‖)  3). If F > 0 and G < 0 (which requiresM < 0) there
is a mirror-unstable mode. In the limit |G|  (α/‖)2 F the unstable
solution occurs in the mode with the plus sign in front of the root,
and its growth rate is again given by (67). The other mode is damped.
4.4 Case α ∼ 2‖ and |‖|  1
Again we can use (62) and employ form (56) of the dispersion
relation. Here there are three relevant solution families.
4.4.1 Large solution
For |υ| ∼ α  |F |, |G| we can neglect the F and G terms in the
dispersion relation and one again finds solution (69). As α2 ∼ 4‖ 
2‖ it can be written as
υ  −ξ+ = − iα2
⎛
⎝1 +
√
1 − 
2
‖
α2
⎞
⎠  −iα
(
1 − 
2
‖
4α2
)
. (73)
This solution is always damped. The root involving ξ− (see 70),
also obtained when neglecting the F and G terms in the dispersion
relation, is not large. It should therefore be discarded!
4.4.2 Intermediate solutions
These solutions have |υ| ∼ 1 and coincide with (64):
υ = − i
2
‖
8α
±
√
F − 
4
‖
64α2
. (74)
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712 A. Achterberg
This is a pure firehose mode that goes unstable when F < 0. If one
looks at the dispersion relation in the form (56) one sees that this is
a reasonable approximation as long as
ξ−
ξ+
|G − F |  
2
‖
4α2
|G − F |  
2
‖
α
M√
16πβ‖
 1. (75)
4.4.3 Small solution
The small solution has |υ| ∼ 1/α  1. If we neglect the coupling
term in (53) the small solution coincides with (63) with the plus
sign, after expansion of the square root:
υ = − iα
2
+
√
G − α
2
4
 − iG
α
. (76)
The approximation is for |G|  α2/4. This mode goes unstable
if G < 0, so it is a pure mirror/firehose mode. This solution co-
incides with (67) and with (72) in the limit 2‖G  α2F . This
shows how these solutions are connected across different wave-
length/obliqueness regimes.
In the isotropic case F = G = 1 all solutions obtained above
coincide with those found by Foote & Kulsrud (1979) for the cor-
responding values of α and |‖|.
The conclusion of this analysis is that for α = 0 unstable modes
occur for F < 0 or for G < 0, i.e. the same instability conditions
that govern the low-β firehose and mirror instabilities.
5 IN STA BILITIES IN THE PRESENCE OF
C O S M I C R AY S
It is now commonly assumed that the bulk of the Galactic CRs
obtains their energy through the process of diffusive shock accel-
eration, proposed by several authors around 1977/1978: Krymskii
(1977), Axford, Leer & Skadron (1977), Bell (1978) and Blandford
& Ostriker (1978). In this process, CRs cross a shock repeatedly and
gain energy as a result of the velocity difference (net compression)
between the up- and downstream flow. A still useful review of the
basic theory is Drury (1983). Recent developments are reviewed by
Schure et al. (2012). An essential ingredient of this theory is the
presence of a turbulent magnetic field that provides the necessary
scattering of the energetic particles, ties them to the fluid and allows
them to tap the kinetic energy of the flow. Originally, it was thought
that this scattering proceeds through the gyroresonant interaction
with Alfve´n waves, the process also thought to be responsible for
the scattering of CRs in the Galactic interstellar medium. These
are self-generated waves due to a streaming instability. It has been
realized more recently (Bell & Lucek 2001; Bell 2004) that direct,
non-resonant amplification of MHD waves is possible inside the CR
precursor to the shock. This is usually referred to as the Bell–Lucek
instability, BLI for short. The growth of the waves in this case is
(mostly) generated by the current flowing in the bulk plasma (return
current) rather than the direct CR current.
In the shock precursor created by shock-accelerated CRs (as-
sumed to be protons for simplicity) there is a net charge and current
density in the background (thermal) plasma. These are needed to
compensate for charge- and current density of the CRs so that the
total current- and charge density vanishes. In the rest frame of the
plasma, to a good approximation the rest frame of the bulk of the
ions, this charge- and current density is carried by the highly mobile
electrons, and we have (e.g. Achterberg 1983; Bell 2004)
ne = ni + ncr, eneu‖ = Jcr‖ ≡ encrVcr. (77)
Here ncr is the density of CRs, and Jcr‖ is the CR current along
the magnetic field. The velocity u‖ is the electron drift speed with
respect to the ions. It is assumed that the shock propagates along
the magnetic field.
It has been shown (Bell 2004; Luo & Melrose 2009) that the
non-resonant instability occurs for wavelengths shorter than the CR
gyration radius (i.e. for rcrg  pc/eB  1/k‖ with p = γmc the
CR momentum), which is much longer than the gyration radius
r ig ∼ V⊥/i of the thermal ions. In that limit the effect of the CR-
induced current on the linear response of the background plasma
changes wave properties much stronger than the direct response
(χ cr⊥) associated with the CRs themselves. Consequently the direct
CR contribution to the plasma susceptibility can be neglected. As
already discussed in Section 2.2, the electron current changes χ exy
(see relation 32), the dominant electron contribution to the suscep-
tibility. Adding the ion and electron contributions to χ xy and using
(77) one has
χxy  i c
2
V 2A
β‖
ν
(
cr +
2‖
2β‖
− 3
4
2⊥
β⊥
)
, (78)
with (in physical variables)
cr = ncr
ni
(
k‖Vcr
ω
− 1
)
(79)
giving the effect of the CR-induced current. I have neglected a small
term ∝ T ∼ 1/β in the ion susceptibility χ ixy as well as the direct
contribution χ crxy from the CRs.
On dimensional grounds one can define a typical wavenumber
associated with the CR current:
kcr ≡ 4π
c
|Jcr‖|
B
= 4πncre |Vcr|
cB
. (80)
Its dimensionless counterpart, defined in terms of k0 = iVA/2V 2‖ ,
is
cr ≡ kcr
k0
= β‖ ncr
ni
( |Vcr|
VA
)
. (81)
In terms of cr expression (78) for χ xy becomes
χxy  i c
2
V 2A
(
2‖
2ν
− 3
4
β‖
β⊥
2⊥
ν
+ σcr cr|‖|
ν2
− ncr
ni
β‖
ν
)
. (82)
Here σ cr = sign(k‖Vcr) = ±1. In CR precursors to a CR producing
shock with velocity Vs one has
k‖Vcr
ω
∼ k‖Vs
ω
= k‖VA
ω
Vs
VA
 k‖VA
ω
, (83)
as shock acceleration only proceeds efficiently if Vs  VA. In that
case one can safely neglect the last term inside the bracket in the
expression for χ xy. I will use this approximation in what follows.
5.1 Combined firehose/Bell–Lucek instability
I will consider the parallel case ⊥ = 0. Dispersion relation (6) with
(82) for χ xy factors into{
υ2 − |‖|
2
υ −
(
F (β⊥, β‖) + σcr cr|‖|
)}
×
{
υ2 + |‖|
2
υ −
(
F (β⊥, β‖) − σcr cr|‖|
)}
= 0. (84)
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Instabilities in a high-β plasma 713
The four solutions are υ = ±υ+, υ = ±υ− with
υ± =
√
F (β⊥, β‖) + σcr cr|‖| +
2‖
16
± |‖|
4
. (85)
There are unstable solutions with Im(υ) > 0 if the expression inside
the two square roots turns negative, i.e. for
F (β⊥, β‖) +
2‖
16
± σcr cr|‖| < 0. (86)
In terms of physical variables:
1 + 4π
(
P⊥ − P‖
)
B2
+ πP‖
B2
(
k‖V‖
i
)2
± σcr 4π|Jcr‖||k‖|cB < 0. (87)
For cr  1, |‖|  1 so that finite Larmor radius effects can be
neglected, and for an isotropic plasma withF (β⊥, β‖) = 1, the four
solutions of (85) reduce to the ones derived by Bell (2004), see his
equation (15). In physical variables:
ω± = ±VA
√
k2‖ − |k‖| kcr. (88)
In this limit an instability occurs with Im(ω+) > 0 in the wavenum-
ber range 0 < |k‖| < kcr, with the maximum growth rate at
|k‖| = kcr/2 that equals
(Im(ω))max =
kcrVA
2
. (89)
In what follows I will look at the more general case. An instability
will occur first in the solution for which the last term in (86/87)
is negative, i.e. for ±σ cr = −1. This case, where the CR-induced
current is destabilizing, is considered now in more detail.
5.1.1 Firehose-unstable case
For the firehose-unstable case, F < 0, one can define two new
characteristic dimensionless wavenumbers
∗ ≡ 4
√|F |√
3
, ˜cr ≡ 2 1/3cr , (90)
and the associated auxiliary parameters
y ≡ |‖|
˜cr
= |‖|
21/3cr
, η = ∗
˜cr
= 2
√|F |√
3 1/3cr
. (91)
Instability condition (86) for ±σ cr = −1 becomes
F (y) ≡ y3 − 3η2 y − 2 < 0. (92)
Standard analysis of this cubic equation (e.g. Abramowitz &
Stegun 1970, Ch. 3.8) quickly establishes the following: as y ≥ 0 by
definition and with F(0) = −2 negative, F(y) has a single negative
minimum for y > 0 and a single positive root ym of F(ym) = 0. The
instability therefore occurs for 0 < y < ym, with ym given by
ym =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
(1 +
√
1 − η6)1/3 + (1 −
√
1 − η6)1/3 (0 ≤ η < 1),
2 (η = 1),
√3 η + 1
3η2+
√
3
2η
(η > 1).
(93)
The first two relations, valid for η ≤ 1, are exact. The approximate
relation for η > 1 is obtained through twice iterating the relation
F(y) = 0 for ym in the form
y =
√
3 η + 2
y (y + √3 η) , (94)
treating the second term on the right-hand side as small and starting
at y = y(0) =
√
3 η. This approximation is already very accurate at
η = 1, where the exact solution is ym = 2: it gives ym  1.991.
5.1.2 Firehose-stable case
Here unstable solutions only occur for those modes where the last
term on the left-hand side of (86)/(87) is negative, i.e. for±σ cr =−1.
This instability is driven entirely by the CR-induced current, and
corresponds most closely to the instability discussed by Bell (2004)
and by Luo & Melrose (2009). They consider the case F = 1 and
neglect the finite Larmor radius terms.
WithF ≥ 0 one can perform a similar analysis as in the previous
case by defining η˜ = 2√F/√3 1/3cr . The variable y is defined as
before: y = |‖|/21/3cr . In these variables the instability condition
now reads
˜F (y) ≡ y3 + 3η˜2 y − 2 < 0. (95)
One finds that a current-driven instability can occur for 0 < y < ym
with
ym = (
√
1 + η˜6 + 1)1/3 − (
√
1 + η˜6 − 1)1/3. (96)
For very large η˜ one finds that ym is small (i.e. a weak instability):
ym ≈ 2/3η˜2. This corresponds to
|‖|m = crF
(
|k‖|m = kcrF
)
, (97)
and the dispersion relation in this limit is in physical variables
ω  ±VA
√
k2‖F − |k‖|kcr. (98)
5.1.3 Firehose-unstable case with adverse current
WhenF < 0 and ±σ cr =+1 there is the possibility of an instability
that is ‘pure firehose’ in the sense that the CR-induced current is
now stabilizing. Again using the variables defined in (90)/(91) the
instability occurs when
¯F (y) ≡ y3 − 3η2 y + 2 < 0. (99)
It is easily checked that ¯F (y) has a minimum at y = η, where
¯F (η) = 2(1 − η3). Therefore, an instability can only occur forη> 1,
or equivalently
|F (β⊥, β‖)| > 34 
2/3
cr . (100)
In that case there are two positive real roots of ¯F (y) = 0, say y1
and y2, and an instability occurs for y1 < y < y2. Unfortunately, y1
and y2 are not readily calculated by analytic means, except in the
case where η  1 (cr  |F |3/2) where y1  2/3η2  1 and y2 √
3 η  1. In that limit an instability occurs in the wavenumber
range
1  cr|F | < |‖| < 2  4|F |
1/2, (101)
and the solutions of the dispersion relation in physical variables can
be approximated by ω = ±ω+, ± ω− with
ω± = |k‖|VA
√
kcr
|k‖| +
k2‖V
4
‖
42i V 2A
− |F | ± k
2
‖V
2
‖
2i
. (102)
Figs 3, 4 and 5 show the growth rate of the Firehose/BL Instability
for increasing strength of the cr-induced current.
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714 A. Achterberg
Figure 3. The dimensionless growth rate νi = Im(ω)/k0VA as function of
the dimensionless wavenumber |‖| = |k‖|/k0. This figure is for cr = 0.1
(small CR-induced current) and for F = 1, 0, −2 and −4. The solid curves
give the growth rate for the most unstable modes that have ±σ cr = −1.
These modes correspond to the case discussed by Bell (2004), and are
unstable even when the classical firehose instability is absent for F ≥ 0.
The two dashed curves correspond to modes with ±σ cr = +1, where the
firehose mechanism for F < 0 drives the modes unstable if condition (100)
is satisfied.
5.2 Oblique propagation: combined mirror/Bell–Lucek
instability
For oblique propagation (k⊥ = 0), the mirror instability becomes
important if P⊥ > P‖. Its dispersion relation is most straightforward
in the low-frequency limit: (ω/kVA)2  1. In that limit we have
υ  −iG/α (cf. relation 67), in physical variables
ω
|k‖|VA = −i
(
k‖
k⊥
)2 (
β‖
β⊥
)2 G (β⊥, β‖)√
πβ‖
. (103)
The function G (β⊥, β‖) has been defined in (54) for the case
Jcr = 0. Including the effects of the return current it becomes
G (β⊥, β‖) =
[
1 + β⊥ − β‖
2
]
+
(
k⊥
k‖
)2 [
1 + β⊥
(
1 − β⊥
β‖
)]
− k
2
cr
k2‖
(
1 + β⊥ − β‖
2
) . (104)
The instability condition Im(ω) > 0 requires G (β⊥, β‖) < 0, in
physical variables
k2‖
[
1 + 4π
(
P⊥ − P‖
)
B2
]
+ k2⊥
[
1 + 8πP⊥
B2
(
1 − P⊥
P‖
) ]
− k
2
cr
1 + 4π(P⊥−P‖)
B2
< 0. (105)
Figure 4. The same as Fig. 3, but now for a larger CR-induced current:
cr = 1. There is an increase of the growth rate of the most unstable modes
(solid curves, ±σ cr = −1) for ‖  cr due to the larger effect of the CR-
induced current. On the other hand, the range of unstable wavenumbers is
reduced by CR effects for the firehose unstable (F = −2 and −4) modes
with ±σ cr = +1, represented by the dashed curves.
Figure 5. The same as Figs 3 and 4, but now for a large CR-induced current
corresponding to cr = 10. The growth rate of the most unstable modes (solid
curves, ±σ cr = −1) increases further. Of the modes with ±σ cr = −1 only
the case F = −4 is driven unstable by the firehose mechanism (dashed
curve) over a limited wavenumber range.
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Instabilities in a high-β plasma 715
One sees from condition (105) that the effect of the CR-induced re-
turn current is destabilizing provided thatF = 1 + (β⊥ − β‖) /2 >
0, that is when the condition for the ordinary firehose instability is
not satisfied.
For large β and small pressure anisotropies, with β⊥ =
β
(
1 + 13T
)
, β‖ = β
(
1 − 23T
)
and |T|  1, one has to first
order in T and 1/β:
G (β⊥, β‖) 1
k2‖
[
(1−βT ) k2⊥+
(
1+ βT
2
)
k2‖−
k2cr
1 + βT2
]
.
(106)
The instability conditionG (β⊥, β‖) < 0 then leads to the following
condition when T > 0 and k⊥ > k‖/
√
2:
βT >
2k2‖ − k2⊥
2k2⊥ − k2‖
+
√
9k4⊥ − 4k2cr
(
2k2⊥ − k2‖
)
2k2⊥ − k2‖
. (107)
Since kcr ∝ J‖cr the current needed to drive this mirror/Bell–Lucek
branch unstable becomes smaller with increasingT and decreasing
k‖/k⊥. When the return current is absent so that kcr = 0 condition
(107) reduces to the instability condition implicit in the results
derived by Schekochihin et al. (2005), as discussed in Section 3,
equation (66).
If there is no pressure anisotropy at all (T = 0) we get a slow-
mode version of the BLI for k =
√
k2⊥ + k2‖ < kcr, with a growth
rate σ ≡ Im(ω) equal to
σ = |k‖|VA k
2
cr − k2√
πβ k2⊥
. (108)
The results in this subsection have not been obtained in earlier
treatments that use cold plasma theory in the description of the
wave response of the background plasma. That approach does not
include kinetic effects, and in particular those associated with the
Landau pole in the dispersion relation. In fact, the high-β case
considered here can only be done consistently using kinetic theory.
6 EF F ECTS O F A FINITE ELECTRON
TEM P ERATURE ANISOTROPY
So far we have assumed that the temperature anisotropy in the elec-
trons is vanishingly small, of order
√
me/mi× the ion temperature
anisotropy as a result of the more rapid electron–electron scatter-
ing, so that it can be neglected. In that case no terms involving the
electron temperature appear in the dispersion relation. If we relax
that assumption, additional electron terms involving the electron
temperature anisotropy appear. Here I briefly consider their effect.
Defining the electron anisotropy parameter in the same fashion
as for ions, ˜T ≡ T⊥e/T‖e − 1, the leading terms in the electron
susceptibility are (compare 31, using ω2pe/2e = mec2/mpV 2A)
χ exx 
me
mp
c2
V 2A
(
ω˜2
ω2
− ˜T
k2‖V
2
e
ω2
)
,
χ eyy 
me
mp
c2
V 2A
(
ω˜2
ω2
+ ˜T
(2k2⊥ − k2‖)V 2e
ω2
)
+
√
2π i
ω2pe
2e
k2⊥V
2
e
ω2
ω˜
|k‖|Ve exp
(
− ω˜
2
k2‖V 2e
)
,
χ exy = −χ eyx  −i
ω2pe ω˜
ω2|e| . (109)
Here I have neglected the electron temperature anisotropy in the fac-
tors multiplying ˜T , simply writing V 2e ≡ kbTe/me for V 2⊥e and for
V 2‖e, under the assumption that ˜T ∼ T ∼ β−1  1. This amounts
to neglecting small corrections of order ˜2T . I also neglected terms
of order k2‖V 2e /2e , k2⊥V 2e /2e with respect to unity.
One can use electron susceptibility (109) in the dispersion rela-
tion, neglecting the Landau term (the last term) in the expression
for χ eyy , a good approximation for low-frequency waves as long as
Te  Ti. For the wave modes discussed above in Sections 3– the
only effect is that one should make the replacement
T =⇒ T +
(
Te
Ti
)
˜T . (110)
The electrons terms not explicitly involving ˜T in χ exx and χ eyy
are small (of order me/mp) and can be neglected, as was argued
already in Section 2.2. A more general discussion for strong electron
temperature anisotropies can be found in Hellinger (2009).
7 TH E N E E D F O R H I G H β A N D L OW IO N
COLLI SI ONALI TY FOR I NSTABI LI TI ES IN C R
P R E C U R S O R S
Pressure anisotropies in the bulk plasma typically change the prop-
erties of low-frequency (quasi-MHD) waves when
|P | ≡ ∣∣P⊥ − P‖∣∣ > B2/4π = 2P/β. (111)
Such a situation is easy to achieve in a high-β plasma. The scale
Lcr of pressure gradients in the precursor that cause a pressure
anisotropy is set by the diffusivity of the CRs. If they diffuse
along the magnetic field with diffusion coefficient κcr, that scale
is Lcr ∼ κcr/Vs, with Vs the shock speed. In the shock rest frame
Vs is the speed of the upstream plasma well ahead of the shock.
In that frame one may assume a steady state, where the mass flux
J ≡ ρUn and the momentum flux ρU 2n + P + Pcr normal to the
shock are both conserved. Here ρ is the mass density of the ambi-
ent medium, Un (Un = Vs for a normal shock) is the flow velocity
component perpendicular to the shock, P is the gas pressure and
Pcr is the CR pressure. These simple relations neglect the pres-
sure anisotropies in the ambient gas, assumed to be small (of order
1/β  1) in what follows, and magnetic stresses that are formally
also of order 1/β. This will suffice for order-of-magnitude esti-
mates in the case of high Mach number shocks, precisely those
shocks associated with the young supernova remnants of Type II
(core-collapse) supernovae that are believed to be the sources of
Galactic CRs.
In such shocks, where the shock speed is much larger than the
(pre-shock) sound speed as well as the Alfve´n speed, magnetic flux
conservation gives Bn = constant and the induction equation in
the MHD approximation gives Bt/ρ  constant. Here Bn (Bt) are
the magnetic field components normal to (tangential to) the shock
surface. If one neglects the effect of heat conduction the parallel and
perpendicular pressures satisfy P⊥ ∝ ρB and P‖ ∝ ρ3/B2, the well-
known Chew–Goldberger–Low relations for an anisotropic plasma
(Chew, Goldberger & Low 1956). For small pressure anisotropies,
where P⊥ = P + 13P and P‖ = P − 23P with P ∼ P/β  P,
the evolution of the pressure anisotropy in the ions is approximately
described by(
∂
∂t
+ (U · ∇)
)
P = 3P
(
ˆbˆb : ∇U − 1
3
∇ · U
)
− νii P .
(112)
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716 A. Achterberg
Here ˆb = B/B is the unit vector along the magnetic field, U is the
flow velocity and ν ii is the ion–ion collision frequency. The pressure
anisotropy is only significant for the ions, since electron scattering
proceeds a factor
√
mi/me( 43 in a hydrogen plasma) faster for
electrons. The first term on the right-hand side gives the generation
of anisotropy due to changes in density and magnetic field strength,
while the second term gives the relaxation of the anisotropy due to
collisions. The notation ˆbˆb : ∇U is short-hand for ˆbi ˆbj (∂Uj/∂xi). If
x is the coordinate along the shock normal, and iB is the inclination
angle of the magnetic field so that Bn = B cos iB, balancing the
generation term and the relaxation term gives an estimate for the
pressure anisotropy:
P
P
 3 cos
2 iB − 1
νii
dUn
dx
, (113)
where it is assumed that quantities in the precursor only depend on
the normal coordinate x. If the flow inside the precursor is high Mach
number, the increase of CR pressure towards the shock slows down
the precursor flow according to J (dUn/dx)  −dPcr/dx over a
scale x ∼ Lcr. Using as an estimate |dUn/dx| ≈ Pcr/JLcr =
Pcr/ρVsLcr, with Pcr the CR pressure at the shock, we have
|P |
P
 Pcr
ρVsνiiLcr
. (114)
Here I have put the geometrical factor involving cos 2iB to unity.
For the pressure anisotropy to be important we need (see equation
111) |P|/P > 2/β. With (114) this condition can be written as a
requirement on the precursor thickness Lcr:
Lcr < Ms
(
β
2
)(
Pcr
ρV 2s
)
λi. (115)
Here Ms = Vs/Cs is the Mach number of the precursor flow with
Cs the sound speed, and λi = Vi/νii is the scattering mean free path
for ion–ion collisions with Vi =
√
kbTi/mi the ion thermal velocity
for ion temperature Ti. If electron and ion temperatures inside the
precursor are not too different we have Vi  Cs. Typical parameters
for young Type II supernova blast waves that accelerate CRs and
the surrounding interstellar medium are Ms  100–250, β  10–20,
Pcr/ρV
2
s  0.1. Requirement (115) typically leads to Lcr/λi < 50–
200. The ion–ion scattering length is
λi = Vi
νii
≈ 1012
( ni
1 cm−3
)−1 ( Ti
104 K
)2
cm. (116)
The precursor scale is set by the CR diffusion coefficient and the
shock speed:
Lcr = κcr
Vs
≈ 1014
(
Vs
1000 km s−1
)−1 (
B
3 μG
)−1
η γcr cm.
(117)
Hereγ cr is the typical Lorentz factor of the CRs contributing the bulk
of the CR pressure, and η = κcr/κB is the ratio of the CR diffusion
coefficient and the Bohm diffusion coefficient κB = crg/3, with
rg = γ crmc2/qB the CR gyroradius. This last parameter is often
assumed to be of order unity. If γ cr is not too large and for young
SNRs with Vs  3000 km s−1 it is fairly easy to satisfy condition
(115). The numbers are for CR protons with m = mp and q = e.
8 PR E C U R S O R S T RU C T U R E A N D WAV E
G E N E R AT I O N
The magnitude and sign of the anisotropy depend on the orientation
of the magnetic field in the precursor, see equation (112). I will con-
sider the case of a high Mach number steady flow in the precursor,
with U = Un(x) xˆ + U t, where the shock is located at x = 0 and
x < 0 (x > 0) corresponds the precursor region (post-shock flow).
As long as Un  VA, precisely the condition for efficient accelera-
tion of CRs, the density and magnetic field components normal and
tangential to the shock scale in the precursor as
ρ(x) = r(x) ρ0, Bn = Bn0, Bt = r(x) Bt0, (118)
where r(x) measures the compression inside the precursor. All quan-
tities with subscript ‘0’ refer to the conditions far ahead of the shock,
formally at x = −∞ where r = 1. In that case the geometrical factor
in the anisotropy generation term in (112) scales as
3 cos2 iB − 1 = 2 − r
2 tan2 i0
1 + r2 tan2 i0 ≡ ψ(r
2, i0). (119)
Here i0 ≡ iB(x = −∞) is the field inclination angle far ahead of the
shock. Since r(x) ≥ 1 increases monotonically with x, ∂ψ/∂ (r2) <
0 and dUn/dx < 0 (decelerating flow) it follows that there are two
possible cases.
(i) When tan 2i0 ≥ 2 we have ψ( −∞) ≤ 0 and P⊥ − P‖ increases
when one approaches the shock. Here only the mirror/BLI can occur.
(ii) When tan 2i0 < 2 we have ψ( − ∞) > 0. In this case P⊥ − P‖
first decreases, and the firehose/BLI instability can occur. If the
approximations leading to (119) continue to hold this trend reverses
if the compression in the precursor reaches a value where r >√
2/ tan i0. Depending on the circumstances one may get a mirror-
unstable region closer to the shock.
The case i0 = 0 (magnetic field along shock normal) is special:
in that case Bt = 0 throughout the precursor, ψ = 2 and only the
firehose/BLI can occur.
As soon as the pressure anisotropy nears the level corresponding
to the threshold for the (classical) firehose or mirror instability
(|P| ∼ P/β), one needs to use the full stress tensor T (including
Reynolds stresses) that is appropriate for a gyrotropic plasma to
describe precursor dynamics. In dyadic notation:
T = ρ UU + P⊥ (I − ˆbˆb) + P‖ ˆbˆb + Pcr I + B
2
8π
I − B B
4π
.
(120)
Here I ≡ diag(1, 1, 1) is the unit 3 × 3 tensor and ˆb ≡ B/B is the
unit vector along the magnetic field. Conservation (in a steady flow)
of the momentum component normal to the shock, dTxx/dx = 0, then
reads
ρU 2n +
(
P⊥+B
2
8π
)
sin2 iB+
(
P‖−B
2
8π
)
cos2 iB+Pcr = constant.
(121)
When one nears the threshold of the classical firehose instability,
P‖  P⊥ + B2/4π, this reduces to ρU 2n + P⊥ + Pcr + (B2/8π) 
constant. Near the threshold for the classical mirror instability,
where P‖  P 2⊥/
(
P⊥ + B28π
)
 P⊥ − B28π in a high-β plasma, the
momentum conservation law becomes approximately ρU 2n + P⊥ +
Pcr − ψ (B2/8π)  constant with ψ < 0.
In both cases the bulk plasma in the precursor continues to decel-
erate under the influence of the adverse CR pressure gradient, and
the instabilities described above are likely to occur.
9 C O N C L U S I O N S
In this paper I have considered the properties of low-frequency
(quasi-MHD) waves in an anisotropic plasma using kinetic theory,
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Instabilities in a high-β plasma 717
both without and with CRs present. In interstellar (or intracluster)
gas with a sufficiently high ratio of kinetic to magnetic pressure,
β = 8πP/B2, only small pressure anisotropies are needed to pro-
duce an instability. At the same time, wave properties in these
plasmas are more complex due to finite Larmor radius corrections
scaling as k2⊥V 2⊥/2i and the effect of thermal motion along the
field that leads to corrections that scale as k2‖V 2‖ /2i . I have shown
that the well-known mirror and firehose instabilities persist in these
plasmas. The only significant change in the condition for instability
occur for the firehose instability in the case of pure parallel propa-
gation, when k⊥ = 0. In that case finite Larmor radius corrections
are stabilizing. For oblique propagation (k⊥ = 0) new modes appear
whose stability is governed by the classical conditions F < 0 (fire-
hose instability) and G < 0 (mirror instability). The frequency of
the waves (both the stable and unstable modes) differs significantly
from the MHD fluid results if the wavelength is sufficiently short,
in terms of wavenumber: when k = 2π/λ > k0 = i/VAβ‖.
I have also considered the interplay between the mirror and fire-
hose instabilities and the return-current driven BLI that can occur
in the precursor of accelerated particles (CR) that precedes a high
Mach number shock in astrophysical plasmas. I have shown that
the deceleration of the flow in the precursor due to the CR pressure
increase towards the shock in fact generates a pressure anisotropy
in the bulk plasma. This creates the possibility of a combined fire-
hose/BLI for parallel propagation with respect to the magnetic field,
or a mirror/BLI for oblique propagation. The most unstable modes
of both instabilities exhibit a significantly larger growth rate and a
larger range of unstable wavelengths compared to their counterparts
in an isotropic plasma.
Simple estimates suggest that such conditions can exist where
the ion–ion collisions in the thermal gas are not strong enough to
keep the difference between the parallel and perpendicular pressures
below the threshold for an instability. In those cases where such con-
ditions prevail one expects more efficient magnetic field generation
and, as a consequence, acceleration of CRs to higher energies since
(for nuclei that suffer no radiation losses, and according to the sim-
ples models) the maximum attainable energy Emax typically scales
as Emax ∝ B.
There are a number of effects that are potentially important that
have not been considered in this paper. First of all it is possible
that the pressure associated with the CRs is also anisotropic. This
case has been considered recently by Schure & Bell (2011). Sec-
ondly, as the collisions in the bulk (thermal) plasma become less
important, the effects of thermal conduction become stronger. The
bi-Maxwellian model used here for the thermal plasma precludes
the treatment of these effects. It does allow, however, a quick com-
parison with the results obtained earlier by Foote & Kulsrud (1979)
for isotropic thermal (Maxwellian) plasmas.
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